TOTALLY POSITIVE ALGEBRAIC INTEGERS OF SMALL TRACE by Christopher SMYTH
Let r > 0 be a given integer. We describe an algorithm for finding all totally positive algebraic integers a which satisfy
Tr a -deg a = r
(where Tr a = trace of a, deg a == degree of a). That r must be non-negative is an immediate consequence of the inequality of the arithmetic and geometric means. The algorithm is based on a recent improvement [5] of a result of Siegel [3] , combined with a method of Robinson [1] for enumerating totally real polynomials of a specific type. The algorithm was implemented on the University College, Cardiff, Honeywell computer which took 40 minutes CPU time to find all relevant a with r = 0, 1, 2, . . . , 6. (Almost all of this time was spent on the last case: r=6, deg a =7). The table of these a appears as an appendix to this paper.
This work was stimulated by a question of Serre, who asked for a list of these algebraic integers, for an application connected with bounding the number of points on algebraic curves over finite fields.
Bounding the degree.
Assume from now on that a is a totally positive algebraic integer of degree d. Siegel showed that then Tra>~d unless a = 1 or (3 ± \/3)/2. His method was to use known lower My recent improvement of Siegel's result is contained in the following theorem, and produces a corresponding improvement in the bounds for the degree, which are sharp at least for r<6. The results of [5] are in fact stated for totally real rather than totally positive algebraic integers, but are easily modified. The result we need here is that since a = (\/a) 2 and ^/a is totally real, from [5, Table 1 The method used in [5] to bound the trace differs from Siegel's method in that resultant information is used instead of discriminant information, to improve the lower bound for Tra. Here is an outline of the method :
THEOREM.-// a is a totally positive algebraic integer satisfying (1), then
We make a list of totally positive algebraic integers a', with minimal polynomials P^, P^ ,...,?" say, which have SMALL ALGEBRAIC INTEGERS 3 (trace a')/deg a' small. Then for any totally positive a not on the list, the resultant of a and a f is non-zero, and so at least 1 in absolute value. Hence, writinĝ a ^ == ^~x x (number of conjugates of a in (0 ,x))
we have f^log\Pf(x)\d^(x)>0 (/= l,...,n).
AlsoCr^Tra^J^ xdp.^(x).
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Hence if we can solve min / xd^(x) subject to 4 </ô log|P,(x)|d^(;c)>0 (/=l,...,w) the minimum being taken over all probability distributions ô n (0, °°), we will have obtained a lower bound for d~1 Tr a. This latter problem is conveniently attacked by first forming the dual problem, which is This can be efficiently solved by an iterative method (essentially as described in [4] ) similar to the Remes Algorithm of approximation theory (see [1] ).
Enumeration of the polynomials.
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Let P(x) = kf^ p(t)dt, monic of degree k. Then P(x)
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